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Conformal Prediction



Conformal Prediction

* Conformal prediction is a frequentist
approach to distribution-free uncertainty
quantification that is:

1. Agnostic to the model
2. Agnostic to data distribution
3. Valid in finite sample

Heuristic Conformal Rigorous
Uncertainty Prediction Uncertainty
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Conformal Coverage Guarantee

* Given a predictive model f: X — A(Y) and the test point (Xiest, Yiest), We
seek to construct a prediction set C(X;est) € Y that is valid, meaning

P(Yiest € C(Xiest)) =21 —

where a € [0,1] is a user-chosen error rate.

* Marginal coverage: The probability that the prediction set contains the
correct label is almost exactly 1 — «a.
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Conformal Coverage Guarantee
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We want the prediction set to contains the correct label with high probability.
The prediction set C(Xie5t) captures the model’s uncertainty on the data Xi.q;.

Anastasios N. Angelopoulos and Stephen Bates. A Gentle Introduction to Conformal
16.01.2026 Prediction and Distribution-Free Uncertainty Quantification. arXiv:2107.07511 (2022).



Split Conformal Prediction

Given a calibration set (X{,Y;), ..., (Xy, Yq):

1. ldentify a heuristic uncertainty using the pre-trained model
2. Define the score function s(x,y) € R

3. Compute § as the (™*D0=91 gyantile of the calibration scores

softmax output

class

.l

Sli Sz, ...,Sn = S(Xl, Yl),S(Xz, Yz), ...,S(Xn, Yn)

4. Form the prediction sets of the new example X;.; as

softmax output

C(Xtest) = {y P S(Xtesv YY) < EI\}

scores, {5} class

Anastasios N. Angelopoulos and Stephen Bates. A Gentle Introduction to Conformal
16.01.2026 Prediction and Distribution-Free Uncertainty Quantification. arXiv:2107.07511 (2022).



Coverage Property

Suppose (X{,Y1), ..., (X, Y,) and (Xiest, Yiest) are i.i.d and we define § as

[ AHEE)PIGERMERrI)
n - n

q = inf{q :
The prediction set C(X) = {y: s(X,y) < §} has a valid marginal coverage.

* WOLG, assume that the calibration scores are sorted: s; < s, < - < 5,,.
1. fa<1/(n+1), 4§ = oo. Then, C(X) =Y. Valid!
2. fa=1/(n+1), g = S[(n+1)(1-)]*

* Note that {Ytest < C(Xtest)} — {Stest < 61\} — {Stest < S[(n+1)(1—oc)]}

* By exchangeability, P(Stest < S) = k/(n + 1).

* P(Stest < Sjn+na-o) =1+ DA —-a)]/(n+1) =21 —a

16.01.2026



Choice of Score Function

The score function s(x,y) € R encodes disagreement between x and y. The
larger the score s(x,y), the worse the agreement between x and y.

Valid but m score . Reflect the
useless L - uncertainty

While the prediction set may provide a valid marginal coverage, the set can
be useless if the score function is uninformative.
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Adaptive Prediction Sets

« Assume a predictive model f: X = A(Y) where Y = {1, ..., K}.

¢ Let my(x), ..., Mg (x) be the permutation of {1, ..., K} that sorts f(x) from
most likely to least likely.

* Then, we define a score function as

k
s = ) fOme,  with y=m@
j=1

* Calculate the quantile § = quantile (51, i) Sp; [(nﬂ)n(l_a)]) and form the set

k’

C@) = (), . m(®)}, k= sup {k’ D O < a} +1

j=1

16.01.2026



Adaptive Prediction Sets
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Conformalized Quantile Regression

* Quantile regression: learn the y quantile t, of Yiext | Xtext = X
« The quantile [ty o5(x), tg.95(x)] has approximately 90% coverage.

s(x,y) = max{fa/z xX)—y,y— fl—oc/z (x)}

C0) = [Eaa(0) — G, E1qyo(x) + 4] Y

g = Quantile (sl, ) S [(n+1)(1— oc)])

n

Anastasios N. Angelopoulos and Stephen Bates. A Gentle Introduction to Conformal

16.01.2026 Prediction and Distribution-Free Uncertainty Quantification. arXiv:2107.07511 (2022).
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Conformalized Uncertainty Estimates

Given some point prediction f(x) and some uncertainty scalar u(x), we

can provide a conformal guarantee:
» Standard deviation G(x): We can assume that

Yiest | Xtest = X ~ N(u(x), o(x))
with models f(x) and G(x). Conformal prediction gives f(x) + §6(x).

* Magnitude of the residual 7(x): After fitting a model f, we fit a
second model 7 that predicts |y — f(x)|.

S(x,y) = |y ;(];gxﬂ’

C(x) = [f(x) —u(x)g, f(x) + u(x)q]

16.01.2026 13



Example
Given a trained probabilistic classifier and a
1 A

calibration set, compute a prediction set C(x) S 0.80
{A,B,C} for a new input X, uUsing split 2 B 0.55
conformal in the multiclass classification setting. 3 C 0.60
4 A 0.40

* For a new X, the classifier outputs: 5 B 0.70
* P(A| xtest) = 0.50 6 C 0.30

* P(B| Xtest) = 0.35 7 A 0.90

* D(C| Xtest) = 0.15 8 B 0.20

9 C 0.45

* We want 90% marginal coverage, so a = 0.1. 10 A 0.65

16.01.2026 14



Example
Define the non-conformity score as --

1 0.80 0.20

s(x,y) =1-p|[x) 2 B 0.55 0.45

* Let n = 10. Then, compute the index _ 2E0 | 9140
4 A 0.40 0.60

k=In+1DA -] =10 5 B 070  0.30

* Sort 54, ..., S19 increasingly and set the 6 C 0.30 0.70
threshold T = s(y, (the k-th smallest) [t = 0.8] 7 A 0.90 0.10

8 B 0.20 0.80

* For each label y € {A, B, C}, compute s(Xtest, V) - c " 055
and include y in the set if s(Xiest, V) < T. Py 0.65 035

Sol: S(xtest, A) == O.S,S(xtest, B) == O.65,S(xtest, C) == 085 = C, (xtest) == {A, B}

16.01.2026 15



Adaptivity

The procedure should return large sets for harder inputs and smaller sets for
easier inputs.

\d-Squirrel (Alaska) " Copyright 1998 - Mon
i Y fox gray el fox
. . bucket, marmot i mink, weasel, beaver, polecat
Squrrel Sq%lsl;rell EOO’;' 0.02 b?;‘;el 0.30 squolggel, 0.18 0.16 0.03  0.01
0.99 b ’

Anastasios N. Angelopoulos and Stephen Bates. A Gentle Introduction to Conformal
16.01.2026 Prediction and Distribution-Free Uncertainty Quantification. arXiv:2107.07511 (2022).
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Conditional Coverage

* The conditional coverage property:
P(Ytest S C(Xtest) | Xtest) =1—-a

* Interpretation: for every value of the input X;..;, we seek to return
prediction sets with 1 — a coverage.
 If we have two groups, A and B, comprising 90% and 10% of the
population, conditional coverage requires that the prediction sets cover
Y with at least 90% probability within each group.
* This is a stronger property than the marginal coverage property and is
iImpossible to achieve in general.

16.01.2026
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Conditional Coverage

no coverage marginal
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90% coverage 90% coverage

Anastasios N. Angelopoulos and Stephen Bates. A Gentle Introduction to Conformal
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Extensions

* Group-balanced conformal prediction:
P(Ytest € C(Xtest) |Xtest,1 — g) > 1—aq,
* Class-conditional conformal prediction:

P(Yiest € C(Xtest) | Viest =y) =21 —q,

e Conformal risk control:

Vg € {1, ...,G}

vy € {1, ...,K}

E[£(C(Xtest), Yeest)] < o, vy € {1, ..., K}

* Conformal prediction under distribution shift

16.01.2026

19



Probabilistic Calibration



Probabilistic Calibration

* Calibration ensures honesty in probability estimates overall.
« A probabilistic predictor f is calibrated if predicted

probabilities match empirical frequencies: Reliability Diagram

1.0 | —e— Calibration Line
——— Perfect Calibration

Py =1|f(x) =p] =p, Vp€[01]

o
o

* Interpretation: Among all instances
predicted with probability p, about p
fraction of them should be positive.

* Violations indicate systematic

Accuracy

o o
[N »
\

o
o

misrepresentation of uncertainty. 00 02 0 05 08 10

Predicted probability
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Multi-Calibration

* A predictor is multi-calibrated if it is calibrated simultaneously across
many subpopulations:

P[Y=1|f(x)=p,G=g]=p, vp € ]0,1],Vg € {1, ..., K}

* Calibration holds not only overall, but for every relevant group.

16.01.2026
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Applications



Multilabel Classification

The model’s output is thresholded to get the subset of K classes, C)(x) = {y : f(x) = A}. The conformal
risk control is used to pick the threshold A certifying a low false negative rate (FNR).

| bicycle s I 1
| bottle B
knife
spoon
sandwich
cake
dining table FECE
potted plant §

wine glass
fork

bowl
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orange
dining table |
cake |

person
bus
backpack
handbag
i suitcase
train
boat

Red = false negatives, Blue = false positives, Black = true positives

Anastasios N. Angelopoulos and Stephen Bates. A Gentle Introduction to Conformal
16.01.2026 Prediction and Distribution-Free Uncertainty Quantification. arXiv:2107.07511 (2022). 24



Tumor Segmentation

The model’s output is thresholded to get the predicted binary mask, C,(x) = {(i,)) : f(x)(i,j) > A}. The
conformal risk control is used to pick the threshold A certifying a low false negative rate (FNR).

mmn. I ‘I . | - _;- | : H.
0w .\_ . 2 e | o =
Fl
j. | N.

Red = false negatives, Blue = false positives, Black = true positives

Anastasios N. Angelopoulos and Stephen Bates. A Gentle Introduction to Conformal
16.01.2026 Prediction and Distribution-Free Uncertainty Quantification. arXiv:2107.07511 (2022). 25



coverage

Weather Prediction with Time-Series

We seek to predict the temperature of different locations on Earth given covariates such as
the latitude, longitude, altitude, atmospheric pressure, and so on.
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Exercise | S ey | B

You are given a trained probabilistic classifier ; g g'zi
over 4 classes {A,B,C,D} and a calibration set of '
n = 12 examples. Your goal is to compute a split > ¢ 051
conformal prediction set C (Xest) € {A, B, C, D} for * ° O-44
a new input X, targeting 80% marginal : '; Z';z
coverage.
7 C 0.81
For the new input X, the classifier outputs: 8 D 0.57
* D(A| Xtest) = 0.34 9 A 0.29
* P(B| Xtest) = 0.27 10 B 0.76
* P(C| xtest) = 0.22 11 C 0.35
* P(D| Xtest) = 0.17 12 D 0.68

16.01.2026 28



Exercise Il
You are given a trained probabilistic classifier ﬂ

over 4 classes {A,B,C,D} and a calibration set of 1 A 0.91
n = 10 examples. Your goal is to compute a split 2 B 0.78
conformal prediction set C (Xtest) € {A, B, C,D} for 3 C 0.66
a new input X, targeting 80% marginal 4 A 0.59
coverage. 5 D 0.84
: .o 6 B 0.72
For the new input X, the classifier outputs: ; c 063
* D(A| xpest) = 0.41 3 b .
* P(B| Xtest) = 0.33 - A Ve

* P(C| Xtest) = 0.16 '
P test 10 B 0.40

* ﬁ(Dlxtest) = 0.10

16.01.2026 29



Exercise Il
You are given a trained probabilistic classifier ﬂ

over 4 classes {A,B,C,D} and a calibration set of 1 A 0.93
n = 10 examples. Your goal is to compute a split 2 B 0.81
conformal prediction set C (Xtest) € {A, B, C,D} for 3 C 0.74
a new input X, targeting 80% marginal 4 D 0.70
coverage. 5 A 0.65
: g 6 B 0.61
For the new input X, the classifier outputs: ; c 058
* ﬁ(A xtest) = 0.38 8 D 0.54
* P(B| Xtest) = 0.26 - A G

* P(C| xtest) = 0.21 '
P test 10 B 0.42

* ﬁ(Dlxtest) = 0.15

16.01.2026 30
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