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Classification
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• Many real-world problems can be casted as a classification problem.



Problem Setup
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• 𝑌 is the target variable taking values in 𝒴 = {𝑦1, … , 𝑦𝑚}, 𝑚 ≥ 2.

• 𝑋1, 𝑋2 … , 𝑋𝑑 are 𝑑 features taking values 𝑥1, 𝑥2, … , 𝑥𝑑 in 𝒳1, 𝒳2, … , 𝒳𝑑 .

• The discrete joint probability distribution

𝑃(𝑌, 𝑋1, 𝑋2 … , 𝑋𝑑)

• The classification of  a new pattern (𝑥1, 𝑥2, … , 𝑥𝑑) is realised by selecting a 
class 𝑦 ∈ 𝒴 that maximises

𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑)

• This classification rule minimises the expected cost of  misclassification.



Independence Assumption
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• The number of  probabilities grows exponentially with the number of  
attributes, i.e., 𝑘𝑑 where 𝑘 is the number of  values 𝑋 can take.

• Duda and Hart (1973) proposed an independence assumption:

𝑃(𝑋1, 𝑋2 … , 𝑋𝑑  | 𝑌) = ෑ

𝑖=1

𝑑

𝑃(𝑋𝑖  | 𝑌) ,  (𝑘𝑑 → 𝑘𝑑)

• This results in the naïve Bayes classifier (NBC).

• While unrealistic, several work in the literature often claim that this 
assumption is not critical for classificatioin. 



Naïve Credal Classifier
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• A naïve credal classifier (NCC) is characterised by a credal set:

𝒫 = 𝑃 𝑌 ς𝑖=1
𝑑 𝑃 𝑋𝑖 𝑌  𝑃 𝑌 ∈ 𝒫𝒴 , 𝑃 𝑋𝑖  | 𝑦 ∈ 𝒫𝑋𝑖

𝑦

• Here, 𝒫𝒴 is a local credal set of  the probability distributions 𝑃 𝑌  and 𝒫𝑋𝑖

𝑦
 

is a local credal set of  the conditional distributions 𝑃 𝑋𝑖  | 𝑦 .

• How to specify the local credal sets 𝒫𝒴 and 𝒫𝑋𝑖

𝑦
?

1. A finitely generated credal set (FGCS)

2. Linear constraints on the unknown probabilities
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• A naïve credal classifier (NCC) is characterised by a credal set:

𝒫 = 𝑃 𝑌 ς𝑖=1
𝑑 𝑃 𝑋𝑖 𝑌  𝑃 𝑌 ∈ 𝒫𝒴 , 𝑃 𝑋𝑖  | 𝑦 ∈ 𝒫𝑋𝑖

𝑦

• From the credal sets, we can compute the lower and upper probabilities:

𝑃(𝑦) = min𝑃∈𝒫𝒴
𝑃 𝑦 ,  𝑃(𝑦) = max𝑃∈𝒫𝒴

𝑃 𝑦  

𝑃(𝑥𝑖  | 𝑦) = min𝑃∈𝒫𝑋𝑖

𝑦 𝑃 𝑥𝑖  | 𝑦 ,  𝑃(𝑥𝑖  | 𝑦) = max𝑃∈𝒫𝑋𝑖

𝑦 𝑃 𝑥𝑖  | 𝑦

• NCC assumes that the local credal sets can be specified separately.



Credal Classification Rules
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• NBC classifies a pattern (𝑥1, 𝑥2, … , 𝑥𝑑) by selecting the class 𝑦 ∈ 𝒴 of  
maximum posterior probability 𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑).

• To compare intervals, consider strong dominance (Luce and Raiffa, 1957):

𝑎, 𝑏  dominates 𝑐, 𝑑 ⟺  𝑎 > 𝑑

• For each class 𝑦 ∈ 𝒴, we only need to compute:

𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑) = min𝑃(𝑦,𝑥1,𝑥2,…,𝑥𝑑)∈𝒫  𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑)

𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑) = max𝑃(𝑦,𝑥1,𝑥2,…,𝑥𝑑)∈𝒫  𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑)



Computation
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Computation
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• Let’s focus on 𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑) = min𝑃(𝑦,𝑥1,𝑥2,…,𝑥𝑑)∈𝒫  𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑)

𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑) = 𝑃(𝑦,𝑥1,𝑥2,…,𝑥𝑑)
σ ƴ𝑦 𝑃( ƴ𝑦,𝑥1,𝑥2,…,𝑥𝑑)

= 1 +
σ ƴ𝑦≠𝑦 𝑃( ƴ𝑦,𝑥1,𝑥2,…,𝑥𝑑)

𝑃(𝑦,𝑥1,𝑥2,…,𝑥𝑑)

−1

         

                                                             = 1 +
σ ƴ𝑦≠𝑦 𝑃( ƴ𝑦) ς𝑖=1

𝑑 𝑃(𝑥𝑖 | ƴ𝑦) 

𝑃(𝑦) ς
𝑖=1
𝑑 𝑃(𝑥𝑖 | 𝑦)

−1

• The optimisation becomes

min𝑃 𝑌 ∈𝒫𝒴
min𝑃 𝑋𝑖 | 𝑦 ∈𝒫𝑋𝑖

𝑦 1 +
σ ƴ𝑦≠𝑦 𝑃( ƴ𝑦) ς𝑖=1

𝑑 𝑃(𝑥𝑖 | ƴ𝑦) 

𝑃(𝑦) ς𝑖=1
𝑑 𝑃(𝑥𝑖 | 𝑦)

−1



Computation
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• The optimisation becomes

min𝑃 𝑌 ∈𝒫𝒴
min𝑃 𝑋𝑖 | 𝑦 ∈𝒫𝑋𝑖

𝑦 1 +
σ ƴ𝑦≠𝑦 𝑃( ƴ𝑦) ς𝑖=1

𝑑 𝑃(𝑥𝑖 | ƴ𝑦) 

𝑃(𝑦) ς𝑖=1
𝑑 𝑃(𝑥𝑖 | 𝑦)

−1

                                   

                                = min𝑃 𝑌 ∈𝒫𝒴
1 +

σ ƴ𝑦≠𝑦 𝑃( ƴ𝑦) ς𝑖=1
𝑑 𝑃(𝑥𝑖 | ƴ𝑦) 

𝑃(𝑦) ς
𝑖=1
𝑑 𝑃(𝑥𝑖 | 𝑦)

−1

• Similar formular for the upper probability:

𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑) = max𝑃 𝑌 ∈𝒫𝒴
1 +

σ ƴ𝑦≠𝑦 𝑃( ƴ𝑦) ς𝑖=1
𝑑 𝑃(𝑥𝑖 | ƴ𝑦) 

𝑃(𝑦) ς𝑖=1
𝑑 𝑃(𝑥𝑖 | 𝑦)

−1



Interpretation
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• The lower and upper posterior probabilities:

𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑) = min𝑃 𝑌 ∈𝒫𝒴
1 +

σ ƴ𝑦≠𝑦 𝑃( ƴ𝑦) ς𝑖=1
𝑑 𝑃(𝑥𝑖 | ƴ𝑦) 

𝑃(𝑦) ς𝑖=1
𝑑 𝑃(𝑥𝑖 | 𝑦)

−1

𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑) = max𝑃 𝑌 ∈𝒫𝒴
1 +

σ ƴ𝑦≠𝑦 𝑃( ƴ𝑦) ς𝑖=1
𝑑 𝑃(𝑥𝑖 | ƴ𝑦) 

𝑃(𝑦) ς𝑖=1
𝑑 𝑃(𝑥𝑖 | 𝑦)

−1

• We can think of  𝑃(𝑦) as prior probabilities and ς𝑖=1
𝑑 𝑃(𝑥𝑖  | 𝑦) and 

ς𝑖=1
𝑑 𝑃(𝑥𝑖  | 𝑦) as upper and lower likelihood functions.



Combinatorial Procedure
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• Based on the extreme points of  𝒫𝒴 , we can rewrite the problems as

𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑) = min𝑃 𝑌 ∈ext[𝒫𝒴] 1 +
σ ƴ𝑦≠𝑦 𝑃( ƴ𝑦) ς𝑖=1

𝑑 𝑃(𝑥𝑖 | ƴ𝑦) 

𝑃(𝑦) ς𝑖=1
𝑑 𝑃(𝑥𝑖 | 𝑦)

−1

𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑) = max𝑃 𝑌 ∈ext[𝒫𝒴] 1 +
σ ƴ𝑦≠𝑦 𝑃( ƴ𝑦) ς𝑖=1

𝑑 𝑃(𝑥𝑖 | ƴ𝑦) 

𝑃(𝑦) ς𝑖=1
𝑑 𝑃(𝑥𝑖 | 𝑦)

−1

• To compute the lower and upper probabilities of  𝑃(𝑥𝑖  | 𝑦) for 𝑦 ∈ 𝒴:

𝑃(𝑥𝑖  | 𝑦) = min𝑃(𝑥𝑖 | 𝑦)∈ext[𝒫𝑋𝑖

𝑦
] 𝑃(𝑥𝑖  | 𝑦)

𝑃(𝑥𝑖  | 𝑦) = max𝑃(𝑥𝑖 | 𝑦)∈ext[𝒫𝑋𝑖

𝑦
] 𝑃(𝑥𝑖  | 𝑦)



Computational Complexity
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• Let 𝐾 be the maximum of the number of extreme distributions, taken 
over all the local credal sets.

• Computing the extremes of  𝑃(𝑥𝑖  | 𝑦) takes 𝑂 𝐾  time in the worst case, 
which must be repeated for all classes and features, yielding 𝑂 𝑑𝐾|𝒴| .

• When the values of  the conditional upper and lower probabilities are 
known, the final steps require 𝑂 𝑑|𝒴|  time. Repearing this for each 
extreme distribution in ext[𝒫𝒴] yields 𝑂 𝑑𝐾|𝒴| .

• The overall worst-case complexity is

     𝑂 𝑑𝐾|𝒴| .



Linear Programming
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• The number of  extreme points 𝐾 can grow exponentially.

• Alternatively, consider a set of  probability intervals

𝐼𝑋 = [𝑙𝑖 , 𝑢𝑖] 0 ≤ 𝑙𝑖 ≤ 𝑢𝑖 ≤ 1, 𝑖 = 1, … , 𝑇

• Let 𝐿 be the worst-case complexity to solve a linear program. Then, the 
overall worst-case complexity is

     𝑂 𝑑𝐿|𝒴| .

• 𝐿 only grows polynomially even when 𝐾 grows exponentially.



Real-World Example
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Risk Assessment
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• An insurance company wants to assess the risk (𝑅) about the car insurance 
for a new customer:

𝑅 ∈ {low, medium, high}

• The company infers the risk on the basis of  two attributes: the age (𝐴) and 
the city (𝐶) where the customer lives:

• 𝐴 ∈ {Young, Middle−aged, Old}

• 𝐶 ∈ {Tübingen,Saarbrücken, Berlin}



Risk Assessment
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𝑹 Intervals

Low [0.77, 0.85]

Medium [0.10, 0.15]

High [0.05, 0.08]

𝑃 𝑅

𝑨
𝑹

Low Medium High

Young [0.15,0.22] [0.27,0.32] [0.60,0.70]

Middle-aged [0.50,0.55] [0.33,0.38] [0.05,0.15]

Old [0.28,0.34] [0.34,0.38] [0.20,0.30]

𝑪
𝑹

Low Medium High

Tü [0.70,0.72] [0.15,0.20] [0.02,0.06]

Saar [0.18,0.20] [0.60,0.65] [0.22,0.28]

Berlin [0.08,0.10] [0.20,0.25] [0.66,0.72]

𝑃 𝐴 | 𝑅 𝑃 𝐶 | 𝑅

Recall that the lower and upper probabilities can be defined as

𝑃 𝑆 ≔  max ෍

𝑥∈𝑆

𝑝𝑥 , 1 − ෍

𝑥∈𝑆c

𝑝𝑥 , 𝑃(𝑆) ≔  min ෍

𝑥∈𝑆

𝑝𝑥 , 1 − ෍

𝑥∈𝑆c

𝑝𝑥
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𝑹 Intervals

Low [0.922, 0.975]

Medium [0.024, 0.070]

High [0.001, 0.009]

𝑃 𝑅 | 𝐴 = old, 𝐶 = Tü

𝑹 Intervals

Low [0.150, 0.426]

Medium [0.085, 0.290]

High [0.435, 0.693]

𝑃 𝑅 | 𝐴 = young, 𝐶 = Ber

𝑹 Intervals

Low [0.307, 0.621]

Medium [0.238, 0.525]

High [0.100, 0.267]

𝑃 𝑅 | 𝐴 = young, 𝐶 = Saar

𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑) = min𝑃 𝑌 ∈ext[𝒫𝒴] 1 +
σ ƴ𝑦≠𝑦 𝑃( ƴ𝑦) ς𝑖=1

𝑑 𝑃(𝑥𝑖 | ƴ𝑦) 

𝑃(𝑦) ς𝑖=1
𝑑 𝑃(𝑥𝑖 | 𝑦)

−1

𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑) = max𝑃 𝑌 ∈ext[𝒫𝒴] 1 +
σ ƴ𝑦≠𝑦 𝑃( ƴ𝑦) ς𝑖=1

𝑑 𝑃(𝑥𝑖 | ƴ𝑦) 

𝑃(𝑦) ς𝑖=1
𝑑 𝑃(𝑥𝑖 | 𝑦)

−1



Summary
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• Unlike standard naïve Bayes classifier, naïve credal classifier may produce a 
set of  prediction 𝑦 ∈ 𝒴pred ⊂ 𝒴. 

• Interval dominance as a classification rule:

  𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑), 𝑃(𝑦 | 𝑥1, 𝑥2, … , 𝑥𝑑)

• But the credal sets typically contain more information than the intervals.

• Other classification rules such as credal dominance can be applied.

• If  there is a utility/loss function associated with the prediction 𝑦 ∈
𝒴pred, we can apply imprecise decision rules to obtain final prediction. 

• A fundamental issue is how to learn the local credal sets from data.



Other credal classifiers
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• Credal decision trees

• Imprecise Dirichlet model (IDM)

• Evidential k-NN

• Evidential Neural Network (ENN)



Regression
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Regression
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• In regression, the target is a real value 𝑦 ∈ ℝ.

• To capture the uncertainty, we can instead output an interval [𝑦min, 𝑦max]:

[𝑦] = [𝑦, 𝑦] = 𝑦 ∈ ℝ 𝑦 ≤ 𝑦 ≤ 𝑦

• For intervals [𝑎] = [𝑎, 𝑎] and [𝑏] = [𝑏, 𝑏], basic operations are:

  Addition: [a] + [b] = [𝑎 + 𝑏, 𝑎 + 𝑏]

       Subtraction: [a] − [b] = [𝑎 − 𝑏, 𝑎 − 𝑏]

• The second operation is problematic! Assume 𝑎 = 𝑏 = 1,2 . Then, we have 

    [a] − [b] = [1,2] − [1,2] = [−1,1]. dependency problem leads to 

unnecessarily wide intervals.



Precise Regression
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• Assume a linear dependence between input and output parametrised by 
𝒘⋆ with an additive Gaussian noise:

𝑦 = 𝒘⋆
T𝒙 + ϵ

• Here, 𝑥 ∈ ℝ𝑑 is a 𝑑-dimensional input feature drawn i.i.d. from some 
unknown distribution 𝒫𝑋 and 𝑦 ∈ ℝ is the true label. 

• The MSE loss over 𝑛 data pair {(𝑥𝑖 , 𝑦𝑖)}i=1,…,𝑛 and its minimiser:

ෝ𝒘 = argmin𝒘∈ℝ𝑑
1

2𝑛
𝒚 − 𝑿𝒘 2

• Assuming 𝑿 is full rank, we have the unique solution: ෝ𝒘 = (𝑿T𝑿)−1𝑿T𝒚



Imprecise Regression
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• Assume that the labels 𝑦𝑖s are intervals 𝑦𝑖 = [𝑦𝑖 , 𝑦𝑖]. The model’s 

parameters then become an interval 𝒘 = [𝒘, 𝒘].

• For a predictor 𝒉 = 𝑋[𝒘] and interval labels [𝒚], there are two main 
approaches:

𝐿INN =
1

2
[𝒉] − [𝒚] 2

            𝐿ISH =
1

2
𝒉 − 𝒚

2
+

1

2
𝒉 − 𝒚

2

• The first approach is prone to the dependency problem.



Dependency Problem
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• Let’s take a closer look:

                  𝐿INN =
1

2
[𝒉] − [𝒚] 2 =

1

2

[𝒘T] 𝒙1 − [𝑦1]

[𝒘T] 𝒙2 − [𝑦2]
⋮

[𝒘T] 𝒙𝑛 − [𝑦𝑛]

2

=
1

2
σ𝑖=1

𝑛 [𝒘T] 𝒙𝑖 − [𝑦𝑖]
2

• Due to the interval subtraction, we face the dependency problem.

• Suppose the model correctly predict all intervals: [𝒘T]𝒙𝑖 = [𝑦𝑖], ∀𝑖 ∈ [𝑛],

𝐿INN =
1

2
෍

𝑖=1

𝑛

[ ො𝑦𝑖] − [𝑦𝑖] 2 ≫ 0

• The parameters get updated unnecessarily!
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• Center Method (CM) [1]

• Features and labels are both interval.

• Apply standard regressors on the mid-points of  the intervals.

• Efficient and scalable (e.g., can be used with neural networks).

• Allow for interval input.

• Discard useful information contained within the intervals.

• Center and Range Method (CRM and CCRM) [2,3]

• Train two independent models for lower and upper bounds of  intervals

• CCRM adds a constraint to guarantee that the upper bound is always 
larger than or equal to the lower bound.

• Allow for interval input, efficient and scalable.



Sharp Collection Region (SCR)
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• The SCR is the set of  all precise model ℎ such that:

   ℎ(𝒙𝑖) ∈ [𝑦𝑖 , 𝑦
𝑖
], ∀𝑖 ∈ {1, … , 𝑛}

• It captures the full range of  parameter values compatible with the interval-
valued data. 

Example:

 𝑥 = 2, [𝑦] = [3,5], ℎ(𝑥) = 𝑤 ⋅ 𝑥 ⟹ ℎ(2) = 2𝑤 ∈ [3,5] ⟹ 𝑤 ∈ [1.5,2.5]

    All models ℎ𝑤(𝑥) = 𝑤 ⋅ 𝑥 where 𝑤 ∈ [1.5,2.5]



Gradient Descent
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• Recall the loss function

ℒ(𝒘) = 1
2

𝑋[𝒘] − [𝒚] 2

• Gradient descent (GD) with step size γ is:

𝒘𝑘+1 = 𝒘𝑘 − γ∇ℒ(𝒘𝑘) = 𝒘𝑘 − γ𝑋T𝑋[𝒘𝑘] + γ𝑋T[𝒚]
    
    which follows from 

   ∇ℒ(𝒘𝑘) = 𝑋T(𝑋[𝒘𝑘] − [𝒚]).

• Hence, 𝒘𝑘 is a linear function of  𝒘0 and 𝒚.
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• Mean Value Theorem (MVT): Let 𝑓: ℝ𝑑 → ℝ be differentiable, and let 
𝒂, 𝒃 ∈ ℝ𝑑 . Then, there exists 𝐜 ∈ (𝒂, 𝒃) such that: 

𝑓 𝒃 = 𝑓 𝒂 + ∇𝑓 𝒄 T 𝒃 − 𝒂

• We can now extend the MVT to the interval-valued function:

𝑓 [𝒙] = 𝑓 mid[𝒙] + 𝒥𝒘 [𝒙] T [𝒙] − mid[𝒙]

• Then, this can be used to linearly approximate the radius of  error of

𝒘k = 𝑓(𝒘0, 𝒚)
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• For linear regression problems with interval labels:

[𝒘𝑘+1(𝒘0, 𝒚)] = 𝒘𝑘+1(mid(𝒘0), mid(𝒚)) +

𝜕𝒘𝑘+1
𝜕𝒘0

𝜕𝒘𝑘+1
𝜕𝒚

T

[𝒘0]−mid(𝒘0)

[𝒚]−mid(𝒚)

𝜕𝒘𝑘+1

𝜕𝒘0
=

𝜕𝒘𝑘+1

𝜕𝒘𝑘
⋅

𝜕𝒘𝑘

𝜕𝒘𝑘−1
⋯

𝜕𝒘1

𝜕𝒘0
= 𝐼 − γ𝑋T𝑋

𝑘
,  

𝜕𝒘𝑘+1

𝜕𝒚
= γ𝑋T

• We obtain 𝒘𝑘+1 by running GD on mid-point labels.

• For 𝒚 = mid([𝒚]), 𝒘𝑘+1 = 𝒘𝑘 − γ𝑋T𝑋𝒘𝑘 + γ𝑋T𝒚 and [𝒚] − mid([𝒚]) 
gives a symmetric interval centered at zero.
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• The GD is executed on mid-points and error is computed once at the end.

•
𝜕𝒘𝑘+1

𝜕𝒚
 measures how our parameter changes with a slight change in 𝒚.

• Since model is linear, the error scales linearly and is constant over time 

since 
𝜕𝒘𝑘+1

𝜕𝒚
= γ𝑋T.

• One can initialise 𝒘0 at zero and the only uncertainty comes from 𝒚.

𝜕𝒘𝑘+1

𝜕𝒚
[𝒚] − mid(𝒚) = γ𝑋T([𝒚] − mid(𝒚))

⟹ [𝒘𝑘+1(𝒘0, 𝒚)] = 𝒘𝑘+1(mid(𝒘0), mid(𝒚)) ± 1
2
γ𝑋T([𝒚] − mid(𝒚))
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• The Naïve Credal Classifier by Marco Zaffalon

• Statistical modeling under partial identification: Distinguishing three 

types of identification regions in regression analysis with interval data 

by Georg Schollmeyer and Thomas Augustin (IJAR 2015)

• Neural network model for imprecise regression with interval dependent 

variables by Krasymyr Tretiak, Georg Schollmeyer, and Scott Ferson (Neural 

Networks 2023)

This lecture is based in part on the presentation of Ali Zindari submitted for the Imprecise 
Probabilistic Machine Learning (IPML) seminar at Saarland University.

https://www.sciencedirect.com/science/article/abs/pii/S0378375801002014
https://www.sciencedirect.com/science/article/abs/pii/S0378375801002014
https://www.sciencedirect.com/science/article/pii/S0888613X14001145
https://www.sciencedirect.com/science/article/pii/S0888613X14001145
https://www.sciencedirect.com/science/article/pii/S0888613X14001145
https://www.sciencedirect.com/science/article/pii/S0893608023000680
https://www.sciencedirect.com/science/article/pii/S0893608023000680
https://www.sciencedirect.com/science/article/pii/S0893608023000680
https://cms.cispa.saarland/ipml2025/
https://cms.cispa.saarland/ipml2025/
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